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Abstract
In this paper we shall show that when k is a field of positive characteristic the affine
space Ank is not cancellative for any n ≥ 3.
1 Introduction
Let k be an algebraically closed field. The Zariski Cancellation Problem for Affine Spaces
asks whether the affine space Ank is cancellative, i.e., if V is an affine k-variety such that
V × A1k ∼= A
n+1
k , does it follow that V ∼= A
n
k? Equivalently, if A is an affine k-algebra such
that A[X ] is isomorphic to the polynomial ring k[X1, . . . , Xn+1], does it follow that A is
isomorphic to k[X1, . . . , Xn]?
The affine line A1k was shown to be cancellative by S. S. Abhyankar, P. Eakin and W. J.
Heinzer ([1]) and the affine plane A2k was shown to be cancellative by T. Fujita, M. Miyanishi
and T. Sugie ([4], [7]) in characteristic zero and by P. Russell ([8]) in positive characteristic.
However, in [5], the author showed when ch. k > 0, the affine space A3k is not cancellative by
proving that a threefold constructed by Asanuma in [2] is not isomorphic to the polynomial
ring k[X1, X2, X3].
In this paper, we shall show when ch. k > 0, the affine space Ank is not cancellative
for any n ≥ 3 (Theorem 3.6). This completely settles the Zariski’s Cancellation problem in
positive characteristic.
2 Preliminaries
We shall use the notation R[n] for a polynomial ring in n variables over a ring R.
We shall also use the following term from affine algebraic geometry.
Definition. An element f ∈ k[Z, T ] is called a line if k[Z, T ]/(f) = k[1]. A line f is called
a non-trivial line if k[Z, T ] 6= k[f ][1].
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We recall the definition of an exponential map (a formulation of the concept of Ga-action)
and associated invariants.
Definition. Let A be a k-algebra and let φ : A→ A[1] be a k-algebra homomorphism. For
an indeterminate U over A, let the notation φU denote the map φ : A→ A[U ]. φ is said to
be an exponential map on A if φ satisfies the following two properties:
(i) ε0φU is identity on A, where ε0 : A[U ]→ A is the evaluation at U = 0.
(ii) φV φU = φV+U , where φV : A → A[V ] is extended to a homomorphism φV : A[U ] →
A[V, U ] by setting φV (U) = U .
The ring of φ-invariants of an exponential map φ on A is a subring of A given by
Aφ = {a ∈ A | φ(a) = a}.
An exponential map φ is said to be non-trivial if Aφ 6= A. For an affine domain A over a
field k, let EXP(A) denote the set of all exponential maps on A. The Derksen invariant of
A is a subring of A defined by
DK(A) = k[f | f ∈ Aφ, φ a non-trivial exponential map].
We recall below a crucial observation (cf. [5, Lemma 2.4]).
Lemma 2.1. Let k be a field and A = k[n], where n > 1. Then DK(A) = A.
We shall also use the following result proved in [5, Lemma 3.3].
Lemma 2.2. Let B be an affine domain over an infinite field k. Let f ∈ B be such that
f − λ is a prime element of B for infinitely many λ ∈ k. Let φ be a non-trivial exponential
map on B such that f ∈ Bφ. Then there exist infinitely many β ∈ k such that each f−β is a
prime element of B and φ induces a non-trivial exponential map φˆ on B/(f −β). Moreover,
Bφ/(f − β)Bφ is contained in (B/(f − β))φˆ.
We shall also use the following result proved in [6, Theorem 3.7].
Theorem 2.3. Let k be a field and A be an integral domain defined by
A = k[X, Y, Z, T ]/(XmY − F (X,Z, T )), where m > 1.
Set f(Z, T ) := F (0, Z, T ). Let x, y, z and t denote, respectively, the images of X, Y , Z and
T in A. Suppose that DK(A) 6= k[x, z, t]. Then the following statements hold.
(i) There exist Z1, T1 ∈ k[Z, T ] and a0, a1 ∈ k
[1] such that k[Z, T ] = k[Z1, T1] and f(Z, T ) =
a0(Z1) + a1(Z1)T1.
(ii) If k[Z, T ]/(f) = k[1], then k[Z, T ] = k[f ][1].
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An exponential map φ on a graded ring A is said to be homogeneous if φ : A → A[U ]
becomes homogeneous when A[U ] is given a grading induced from A such that U is a homo-
geneous element.
We state below a result on homogenization of exponential maps due to H. Derksen, O.
Hadas and L. Makar-Limanov ([3], cf. [5, Theorem 2.3]).
Theorem 2.4. Let A be an affine domain over a field k with an admissible proper Z-filtration
and gr(A) the induced Z-graded domain. Let φ be a non-trivial exponential map on A. Then
φ induces a non-trivial homogeneous exponential map φ¯ on gr(A) such that ρ(Aφ) ⊆ gr(A)φ¯.
3 Main Theorems
Throughout the paper, k will denote a field (of any characteristic unless otherwise specified)
and A an integral domain defined by
A = k[X1, . . . , Xm, Y, Z, T ]/(X1
r1 · · ·Xm
rmY − F (X1, . . . , Xm, Z, T )),
where ri > 1 for each i, 1 ≤ i ≤ m. The images of X1, . . . , Xm, Y , Z and T in A will be
denoted by x1, . . . , xm, y, z and t respectively.
Set B := k[x1, . . . , xm, z, t](= k
[m+2]). We note that B →֒ A →֒ B[(x1 · · ·xm)
−1]. For
each m-tuple (q1, . . . , qm) ∈ Zm, consider the Z-grading on B[(x1 · · ·xm)−1] given by
B[(x1 · · ·xm)
−1] =
⊕
i∈Z
Bi, where Bi =
⊕
(i1,...,im)∈Zm,q1i1+q2i2+···+qmim=i
k[z, t]x1
i1x2
i2 . . . xm
im .
Each element a ∈ B[(x1 · · ·xm)
−1] can be uniquely written as a =
∑
ℓa≤j≤ua
aj , where
aj ∈ Bj . (Note that if a ∈ B then aj ∈ B for each j, ℓa ≤ j ≤ ua.) We call ua the degree of
a and aua the leading homogeneous summand of a.
Using this grading on B[(x1 · · ·xm)
−1], we can define a proper Z-filtration {An}n∈Z on A
by setting An := A∩
⊕
i≤nBi. Then xj ∈ Aqj \Aqj−1, 1 ≤ j ≤ m and z, t ∈ A0 \A−1. Since
A is an integral domain, we have F 6= 0 and hence FuF 6= 0. Thus, y ∈ Ab \ Ab−1, where
b = uF − (q1r1 + · · ·+ qmrm). Let grA denote the induced graded ring
⊕
n∈ZAn/An−1.
Note that each element h ∈ A can be uniquely written as sum of monomials of the form
x1
i1 · · ·xm
imzj1tj2yℓ, (1)
where ij ≥ 0, 1 ≤ j ≤ m and ℓ ≥ 0 satisfying that if ℓ > 0 then is < rs for at least one s,
1 ≤ s ≤ m. Therefore, it can be seen that, if h ∈ An\An−1 then h can be uniquely written as
sum of monomials of the form as in equation (1) and each of these monomials lies in An. Thus,
the filtration defined on A is admissible with the generating set Γ := {x1, . . . , xm, y, z, t} and
so grA is generated by image of Γ in grA (cf. [5, Remark 2.2 (2)]).
We now exhibit a structure of grA when FuF is not divisible by xj for any j.
Lemma 3.1. Suppose that FuF is not divisible by xj for any j, 1 ≤ j ≤ m, then grA is
isomorphic to
D =
k[X1, . . . , Xm, Y, Z, T ]
(X1
r1 · · ·Xm
rmY − F (X1, . . . , Xm, Z, T )uF )
.
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Proof. For a ∈ A, let gr(a) denote the image of a in grA. Then, as discussed above, grA
is generated by gr(x1), . . . , gr(xm), gr(y), gr(z) and gr(t). Note that if a ∈ B(⊆ A),
then gr(a) = gr(aua). As x1
r1 · · ·xm
rmy(= F ) ∈ AuF \ AuF−1 and hence x1
r1 · · ·xm
rmy −
F (x1, . . . , xm, z, t)uF ∈ AuF−1. Therefore,
gr(x1)
r1 · · · gr(xm)
rm gr(y)− gr(FuF ) = 0 in grA.
Since FuF is not divisible by xj for any j, 1 ≤ j ≤ m, D is an integral domain. As grA
can be identified with a subring of gr(B[(x1 · · ·xm)
−1]) ∼= B[(x1 · · ·xm)
−1], we see that the
elements gr(x1), . . . , gr(xm), gr(z), gr(t) of grA are algebraically independent over k. Hence
grA ∼= D.
Lemma 3.2. We have B(= k[x1, . . . , xm, z, t]) ⊆ DK(A).
Proof. Define φ1 by φ1(xj) = xj for each j, 1 ≤ j ≤ m, φ1(z) = z, φ1(t) = t+x1
r1 · · ·xm
rmU
and
φ1(y) =
F (x1, . . . , xm, z, t+ x1
r1 · · ·xm
rmU)
x1r1 · · ·xmrm
= y + Uα(x1, . . . , xm, z, t, U)
and define φ2 by φ2(xj) = xj for each j, 1 ≤ j ≤ m, φ2(t) = t, φ2(z) = z + x1
r1 · · ·xm
rmU ,
φ2(y) =
F (x1, . . . , xm, z + x1
r1 · · ·xm
rmU, t)
x1r1 · · ·xmrm
= y + Uβ(x1, . . . , xm, z, t, U).
Note that α(x1, . . . , xm, z, t, U), β(x1, . . . , xm, z, t, U) ∈ k[x1, . . . , xm, z, t, U ] and that k[x1, . . . , xm, z]
and k[x1, . . . , xm, t] are algebraically closed in A of transcendence degree m + 1 over k. It
then follows that φ1 and φ2 are nontrivial exponential maps on A with A
φ1 = k[x1, . . . , xm, z]
and Aφ2 = k[x1, . . . , xm, t]. Hence k[x1, . . . , xm, z, t] ⊆ DK(A).
We now prove a generalisation of Theorem 2.3.
Proposition 3.3. Suppose that f(Z, T ) := F (0, . . . , 0, Z, T ) 6= 0 and that DK(A) = A.
Then the following statements hold.
(i) There exist Z1, T1 ∈ k[Z, T ] and a0, a1 ∈ k
[1] such that k[Z, T ] = k[Z1, T1] and f(Z, T ) =
a0(Z1) + a1(Z1)T1.
(ii) Suppose that k[Z, T ]/(f) = k[1]. Then k[Z, T ] = k[f ][1].
Proof. (i) We prove the result by induction on m. The result is true for m = 1 by Theorem
2.3. Suppose that m > 1. Set B := k[x1, x2, . . . , xm, z, t](⊆ A). Since DK(A) = A, there
exists an exponential map φ on A such that Aφ * B. Let g ∈ Aφ \ B. Since g /∈ B, by
equations (1), there exists a monomial in g which is of the form x1
i1 . . . xm
imzj1tj2yℓ where
ℓ > 0 and is < rs for some s, 1 ≤ s ≤ m. Without loss of generality, we may assume that
s = 1.
Consider the proper Z-filtration on A with respect to (−1, 0, . . . , 0) ∈ Zm and let A
denote the induced graded ring. For h ∈ A, let h¯ denote the image of h in A. Since
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A is an integral domain, we have F (0, x2, . . . , xm, z, t) 6= 0 and so, F (x1, . . . , xm, z, t)uF =
F (0, x2, . . . , xm, z, t) = G (say). Since f(Z, T ) 6= 0, by Lemma 3.1, we have
A ∼= k[X1, . . . , Xm, Y, Z, T ]/(X1
r1 · · ·Xm
rmY −G).
By Theorem 2.4, φ induces a non-trivial homogeneous exponential map φ¯ on A such that
g¯ ∈ A
φ¯
. By the choice of g and the filtration defined on A, we have y¯ | g¯. Since A
φ¯
is
factorially closed in A (cf. [5, Lemma 2.1 (i)]), it follows that y¯ ∈ A
φ¯
.
We now consider the proper Z-filtration on A with respect to (−1,−1, . . . ,−1) ∈ Zm and
let A˜ denote the induced graded ring. For h¯ ∈ A, let h˜ denote the image of h¯ in A˜. Since
f(Z, T ) 6= 0, we have GuG = f(z, t) and hence by Lemma 3.1,
A˜ ∼= k[X1, . . . , Xm, Y, Z, T ]/(X1
r1 · · ·Xm
rmY − f(Z, T )).
Again by Theorem 2.4, φ¯ induces a non-trivial homogeneous exponential map φ˜ on A˜ such
that y˜ ∈ A˜φ˜. Since tr. degk A˜
φ˜ = m+ 1, there exist m algebraically independent elements in
A˜φ˜ over k[y˜].
If A˜φ˜ ⊆ k[y˜, z˜, t˜], then since m ≥ 2 and A˜φ˜ is algebraically closed in A˜, we have A˜φ˜ =
k[y˜, z˜, t˜]. Since x˜1
r1 · · · x˜m
rm y˜(= f(z˜, t˜)) ∈ k[y˜, z˜, t˜], we have x˜1, . . . , x˜m, y˜ ∈ A˜
φ˜ as A˜φ˜ is
factorially closed in A˜. This would contradict the fact that φ˜ is non-trivial. Thus, there
exists an homogeneous element h ∈ A˜φ˜ \ k[y˜, z˜, t˜]. Hence, h contains a monomial which is
divisible by x˜i for some i, 1 ≤ i ≤ m. Without loss of generality we may assume that x˜2
divides a monomial of h.
Now again consider the proper Z-filtration on A˜with respect to them-tuple (0, 1, 0, . . . , 0) ∈
Zm defined as in Lemma 3.1 and the induced graded ring gr A˜ of A˜. Then gr A˜ ∼= A˜. For
a˜ ∈ A˜, let gr(a) denote the image of a˜ in gr A˜. Then gr(x2) | gr(h) in grA. Again by
Theorem 2.4, φ˜ induces a non-trivial homogeneous exponential map grφ on gr A˜ such that
gr(y) and gr(h) ∈ grAgrφ. Since gr(x2) | gr(h) in grA, we have gr(x2) ∈ grA
grφ.
Let F be an algebraic closure of the field k. Then grφ induces a non-trivial exponential
map ψ on
E = gr A˜⊗k F ∼=
F [X1, . . . , Xm, Y, Z, T ]
(X1
r1 · · ·Xm
rmY − f(Z, T ))
= F [xˆ1, . . . , xˆm, zˆ, tˆ, yˆ],
such that F [yˆ, xˆ2] ⊆ E
ψ. Since xˆ2 − λ is a prime element in E for every λ ∈ F
∗, by Lemma
2.2, ψ induces a non-trivial exponential map on
E/(xˆ2 − λ)E(∼=
F [X1, X3, . . . , Xm, Y, Z, T ]
(λr2X1
r1X3
r3 · · ·Xm
rmY − f(Z, T ))
for some λ ∈ F ∗ such that the image of yˆ lies in the ring of invariants. Therefore, using
Lemma 3.2, we have DK(E/(xˆ2 − λ)E) = E/(xˆ2 − λ)E. We are thus through by induction
on m.
(ii) Suppose that f(Z, T ) is a line in k[Z, T ]. Then A/(x1, . . . , xm) = k[Y, Z, T ]/(f(Z, T )) ∼=
k[2] and hence (A/(x1, . . . , xm))
∗ = k∗. By (i) above, there exist Z1, T1 ∈ k[Z, T ] and
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a0, a1 ∈ k
[1] such that k[Z, T ] = k[Z1, T1] and f(Z, T ) = a0(Z1) + a1(Z1)T1. If a1(Z1) = 0,
then f(Z, T ) = a0(Z1) must be a linear polynomial in Z1 and hence a variable in k[Z, T ].
Now suppose a1(Z1) 6= 0. As f(Z, T ) is irreducible in k[Z, T ], a0(Z1) and a1(Z1) are coprime
in k[Z1]. Hence A/(x1, . . . , xm) ∼= k[Z1,
1
a1(Z1)
][1] and since (A/(x1, . . . , xm))
∗ = k∗, we have
a1(Z1) ∈ k
∗. This again implies that f(Z, T ) is a variable in k[Z, T ].
We now deduce a result for a field of positive characteristic.
Corollary 3.4. Suppose that ch. k > 0 and that f(Z, T ) ∈ k[Z, T ] is a non-trivial line in
k[Z, T ]. Then, A ≇ k[m+2].
Proof. Suppose, if possible that A ∼= k[m+2]. Then, by Lemma 2.1, DK(A) = A. Therefore,
by Proposition 3.3(ii), k[Z, T ] = k[f ][1]. This contradicts the given hypothesis.
Theorem 3.5. Let k be a field of any characteristic and A an integral domain defined by
A = k[X1, . . . , Xm, Y, Z, T ]/(X1
r1 · · ·Xm
rmY − f(Z, T )),
where ri > 1 for each i. Suppose that f(Z, T ) is a line in k[Z, T ]. Then
A[1] = k[X1, . . . , Xm]
[3] ∼= k[m+3].
Proof. Let h ∈ k[Z, T ] be such that k[Z, T ] = k[h] + (f)k[Z, T ]. Let P,Q ∈ k[1] be such that
Z = P (h) + fP1(Z, T ) and T = Q(h) + fQ1(Z, T ) for some P1, Q1 ∈ k[Z, T ]. Let W be an
indeterminate over A. Set
W1 : = X1
r1 · · ·Xm
rmW + h(Z, T )
Z1 : = (Z − P (W1))/X1
r1 · · ·Xm
rm
T1 : = (T −Q(W1))/X1
r1 · · ·Xm
rm .
Let y be the image of Y in A. We show that A[W ] = k[X1, . . . , Xm, Z1, T1,W1]. Set
B := k[X1, . . . , Xm, Z1, T1,W1]. We have
Z = P (W1) +X1
r1 · · ·Xm
rmZ1,
T = Q(W1) +X1
r1 · · ·Xm
rmT1,
y =
f(Z, T )
X1
r1 · · ·Xm
rm
=
f(X1
r1 · · ·Xm
rmZ1 + P (W1), X1
r1 · · ·Xm
rmT1 +Q(W1))
X1
r1 · · ·Xm
rm
=
f(P (W1), Q(W1))
X1
r1 · · ·Xm
rm
+ α(X1, . . . , Xm, Z1, T1,W1),
W =
W1 − h(Z, T )
X1
r1 · · ·Xm
rm
=
W1 − h(X1
r1 · · ·Xm
rmZ1 + P (W1), X1
r1 · · ·Xm
rmT1 +Q(W1))
X1
r1 · · ·Xm
rm
=
W1 − h(P (W1), Q(W1))
X1
r1 · · ·Xm
rm
+ β(X1, . . . , Xm, Z1, T1,W1)
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for some α, β ∈ B. Since f(P (W1), Q(W1)) = 0 and h(P (W1), Q(W1)) = W1, we see that
y,W ∈ B. Hence, A[W ] ⊆ B. We now show that B ⊆ A[W ]. We have,
Z1 =
Z − P (W1)
X1
r1 · · ·Xm
rm
=
Z − P (X1
r1 · · ·Xm
rmW + h(Z, T ))
X1
r1 · · ·Xm
rm
=
Z − P (h(Z, T ))
X1
r1 · · ·Xm
rm
+ γ(X1, . . . , Xm, Z, T,W ) =
f(Z, T )P1(Z, T )
X1
r1 · · ·Xm
rm
+ γ(X1, . . . , Xm, Z, T,W )
= P1(Z, T )y + γ(X1, . . . , Xm, Z, T,W ),
and
T1 =
T −Q(W1)
X1
r1 · · ·Xm
rm
=
T −Q(X1
r1 · · ·Xm
rmW + h(Z, T ))
X1
r1 · · ·Xm
rm
=
T −Q(h(Z, T ))
X1
r1 · · ·Xm
rm
+ δ(X1, . . . , Xm, Z, T,W ) =
f(Z, T )Q1(Z, T )
X1
r1 · · ·Xm
rm
+ δ(X1, . . . , Xm, Z, T,W )
= Q1(Z, T )y + δ(X1, . . . , Xm, Z, T,W )
for some γ, δ ∈ A[W ]. Thus, Z1, T1 ∈ A[W ]. Hence B ⊆ A[W ]. Since B = k[X1, . . . , Xm]
[3],
the result follows.
Theorem 3.6. When k is a field of positive characteristic, Zariski’s Cancellation Conjecture
does not hold for the affine n-space Ank for any n ≥ 3.
Proof. There exists non-trivial line in k[Z, T ] when ch k = p > 0. For instance, we may take
the Nagata’s line f(Z, T ) = Zp
2
+ T + T qp, where q is a prime other than p. The result now
follows from Theorem 3.5 and Corollary 3.4.
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